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Introduction
A convex function ®: R — R* is called a young function if it satisfies the following properties:
(1) ®(x) = ®(—x) foreveryxeR,
(i) @O)=0,
(i)  limy,, ®(x) =
With each young function @ we can associate another young function y: R - R* defined

by w(y) = sup{x|y| — ®(x):x = 0} for each y € R.The function ¥ is called the complementary

function of @. Let (X,s, &) be a o-finite measure space and X c R. Define Lo(u) = {f /f:X -

R is measurable function and [, ®(a|f|)du < for some a > 0}
For feLgy(u), we define

Ifllo = inf {e > 0: [, @ () du < 1},

Then Lg(u) is a Banach space under the norm ||. [|¢. If ®@(x) = |x|P for every x € R, then Lg(p) =
L, (u), the well know Banach space of pt" integrable functions defined on X.

For X = N, the set of natural numbers and u be the counting measure on P(N) ,the power set of N,

Lo(X) = lp(N) = {f/f:N - C and Zled)(%) < o for some €> 0}

The space 1o (N) is known as Orlicz sequence space.The space of all bounded linear functionals on

Lo (p) is denoted by Ly, (1) A measurable transformation T: (X, s) = (X, s) is
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called non singular if ,u(T‘l(E )) = 0, whenever u(E) =0
for each measurable subset E of X . If T is non-singular, then the measure uT~! is absolutely
continuous with respect to the measure u. Therefore by the Radon Nikodym theorem, there exists a
positive measurable function f; such that ,u(T‘l(E )) = £ fodu. The function f; is called the Radon
Nikodym derivative of the measure uT ! with respect to the measure u. The Conditional Expectation
operator E with respect to T~1(s) is a bounded projection from L,(X,s, ) into L, (X, T~1(s),u). The
operator E has the following properties:

1. E(f.goT) = E(f).(goT)

2. If f = g almost everywhere, then "E(f) > E(g) almost everywhere.

3. E(f) has the form E(f) = goT for exactly one T ~!(s) measurable function g.

In particular, g = [E(f)]oT ! is well defined measurable function.

For X = [0,1], the Volterra integral operator

ViLe(u) — Lo(p)
is defined by

VA = J; f&) du)
The Composite Volterra integral operator
VriLo() = Lo(p)
is defined by (Vyf)(x) = | Ox f (T (y))d,u(y)The Volterra integral operator on L, (1) has received

great attention of several mathematicians in recent years. For literature concerning Orlicz

spaces,integral operators we refer to Gupta and Komal[4], Suri and Komal[6], Whitley[§]

Bounded Composite Volterra Integral Operators
In this section we study bounded composite Volterra integral operators

Theorem 2.1: Let T: [0,1] —>[0,1] be a measurable transformation and g be the probability
measure. Then Volterra Integral Operator V, : L, (1) =L, () is a bounded operator if f; is an

essentially bounded function.
Proof: Let f € L, (). Choose M > 1 such that ess.sup fo = |[fo|| <M.
Then
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[ (Vaf () Jy F(T3))du0) TN
qu)(MllfH)d He) = f ( Ml ) W) < Ofofq’( AT )G

(* uis a probability measure)

1 1 T
:!( fd (x )) (f( ||(;]|)|)> (on interchanging limits) = of(l—y)CD <f1$4||(]3]|)|)> du(y)
f(T (y))> (f(y)> ) (f(y)> fo (f(y)>
= ( sl ) 00 = f‘p i) 4T ) = f MIIF] f"d”—f i) 0

()
qu)(m> du(y) <1

Therefore ||V f|| < M||f]| for every f € Lg (1) Hence V- is a bounded operator.
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Example 2.2: Let T [0,1] —[0,1] be defined by T(x) = Then f,(x) < 1 for

_ N
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IA

— X, X
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all x € [0,1] which is a bounded function. Hence V; is a bounded composite volterra integral

operator.

Example 2.3: Let T:[0,1] - [0,1] be defined by T(x) = Ex for 0 < x < 1then fy(x) =§ for

0<x<

wIinN

=0 forg <x<1

which is a bounded function. Hence V; is a bounded composite volterra integral operator.
Example 2.4: Let T: [0,1] —>[0,1] be defined by T (x) = x2.

Then T~ '(x) = Vx Vx € [0,1].

Now forany M > 0, and f(x) = sinx € Lg[0,1],

we have
1 1 X

(Vrf)(x) f(T»)du) : fy*d(y)
qu’( MIF >d 9= f ( MILFI )d“(x) - fq’( MIF )d(")
But xLyz)d(y) = ;fxsin(yz)dyPut y:=tory=+t=>dy= idt

J MIfll MIfIl 2Vt
Therefore, f sin(y?)dy = x sin(t).5 = dt = ooVx > 0

IIfII MIIfII

Hence V7 is not a bounded operator.
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Adjoint of a Composite Volterra Integral Operator

In this section we shall compute the adjoint of Composite Volterra Integral Operator.

We know that the adjoint of a Volterra Integral operator V:L,[0,1] - L,[0,1] is defined as
V') = [ g)du()

Every g € Lo(u) gives rise to a bounded linear functional Fy: Lg (1) — Lg(u) which is defined as

F,(f) = | i (x)g(x)du(x). We shall often identify F; with g.

Theorem 3.1 Let T: [0,1] - [0,1] be a measurable transformation. Then Vg = E(V*g)oT 1. f, for
every g € Lg[0,1]
Proof: For f € Lg[0,1] consider (VT*F:q)(f) = F,(Vrf)

1 1

- f V) ()9 () du(x) = f < f(T(y))dﬂ(y)>g(x)du(x) - f ( f g(x)du(x)>f(T(y)d#(y))
0 0 0 X=y

- |90 T @I) = [ EW 9T DG OIHD) = ooy )
0

0

Hence Vig = E(V*g)oT 1. f,

Example 3.2 Let T : [0,1] - [0,1] be defined by T(x) =1 — x.

dT1(x d
ThenT '(x)=1—x andso T=T"! and f, (x) = dx( ) = a(l —x)=-1

For any g € Ly[0,1] and f € Ly[0,1]
We have (ViE)(f) = E;(Vrf)
= [, 90 WrN@du(x) = [} g (J7(FoT) (du(y)) du(x) = f; g(x) (f;x[o,x] WF(T)) du(y)) du(x) =
INIES ( 12 (xt0.10T0T) ) (FoT) () du (y)) du(x) « ToT = I, the identity function
= 1, 96 (3 o 10T) 0 F AT ) ) daa) = J; 90 (I3 (oo T F Do) ) ) ) =
Jo 96 (3 xr-510.0 OF DO ) du@) = 260T = Xgiey = f £ (J, 7 9000 du0)) de) =

Iy £O) (%) A = Y)duG) = [; FO)V,(TG)) du(y) = Fyyor (F) for every feLy(u)Hence ViF, =

Fy,or Consequently Vrg = (Vg)oT by identification
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