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Introduction

If g L'(R), feL’(R), then we form the convolution product f®¢ which is defined by
(f ®¢5)(x)=joo FON(x—y)du(y). If T:R—>R is a mapping such that the transformation
y=—00

CyPR)—> L’(R) defined by (C,,/)(x)=(f®$)(T(x))) is bounded. We shall call C,, a

composite convolution operator induced by the pair (¢,7). For literature concerning composite

operators and convolution operators, we refer to Singh and Komal [8,9], Komal and Gupta [6],

Carlson [1], Stepanov[10], Singh, Gupta and Komal [7].

Bounded Composite Convolution Operators

In this section we characterize bounded composite convolution operators.

Theorem 2.1 Let T:R — R be a non-singular measurable mapping and ¢ € L'(R). Then Cry o

(R) = L’(R) is a bounded operator if AM >0 such that f,(x)<M for u-almostall x eR, where

f, is the Radon-Nikodym derivative of the measure uT~' w.r.t. the measure u.

Proof.
1Cr o f IP=[1(f @ATCN du(x) = [| f ®P(x) | duuT ™ ()
= [ [/ G- 2P fy ) < [ 120N 1 ) | dia()] dua)

Virender_ju@yahoo.co.in
*Virender Pal Singh




Vol. (1) No. (1) March 2018

JK Research Journal in Mathematics and Computer Sciences
= j fo (x)[[ [ (z ) ()| dA( y)]2 du(x), where A(E) = IE | #(») | du(y)foreverymeasurablesubset £ of R,

= 11 20N 420 dut)
< [A| 1 =W FE A2 1@ N E dA) )

= [A@([160)1du) [ 1@ NV E dA W) = [/ 61 10 B0 | du) Faat)
161l [160) ][/, 1@ N F du) i) <M 161, [ 190 [ £ G~ ) F dpaCo i)
=ML 1L1E 1600 | du) =M1 B 41 =M 18131 F 1R

Hence,

1Cpyf IP<NM || £, 111, for every f e I*(R).This proves that C,., is a bounded operator.
Example 2.2

Let ¢:R — R be defined by

1 for x<1/2
P(x)={0 for x=1/2

Then [ () |dx= [ dv=1,s0that g I'(R). Let T:R —R be defined by 7(x) = x+1vx R,

dul™ (x) _ N
dp(x)

Therefore,|| C; . f = [ |(f ® P (D) du(x) = [ /o(x) | (f @ p)0) [ dua(x) = [ |(f @) dua(x)

Then f,(x)=

= [ [ fCe= )0 ] dp(x) = [ | 210,00/ (0).S (x= 9)dpa() P dpa(x)

2

< J‘R|:J‘7([f1/2,1/2]()})d/u(y)'[1 | f(x=») |2 d/u()})j|d,u(x) = _[joffz | f(X - y) |2 d,u(y)d,u(x)

1/2

[0 10 P duauc) = | 771 £ OF dutoaue = [ 1@ | [ dut |duto)

-1/2

=[ 1S @OF du) =l £ P . Hence, |G, , SIS £I] ¥ fePR).

This proves that C; , is a bounded operator. W
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Hermitian Composite Convolution Operators

In this section, we compute the adjoint of the composite convolution operator on L*(R). We
also characterize Hermitian composite convolution operators. An example is given for illustration.
For e L'(R), g € I(R), we define 4,g =¢" ®(E(g)oT™")f,, where ¢"(x) = §(~x).
In the following theorem, we prove that A4, is the adjoint of composite convolution operator C; .

Theorem 3.1 Let C, , € B(L*(R)). Then C; , = A,.
Proof. Let f,g e *(R). Consider (Cryfr8)= IR( f® ¢)T (x)ﬁ)dy(x)

= [(f ®@ANOE@) o T () fy (0)da(x) = [|[ S0 ~2)E(@)o T () fy x)eea ) o)

= [ O [ A= E (T )y e i) = [ [ F - Blgo T N a0 )

= [ ® E()oT 1)) () = [ SN AN Mu) = (/. A,8) ¥ f.g € LR
Hence,
Cr,y = 4,.
Theorem 3.2 Let C, , € B(L*(R)). Then C; , is Hermitian if §=¢".

Proof. We first assume that the condition is true. Then for f, g e L*(R) ,consider
(Crof>8) =([+Crs8) = [£(NCp ) (x)du(x)

= [F ()@ ®AT (Ddu(x) = [£,()E(S)o T (x)(g ®P)(x)dpu(x)

= [/ E) o T @) [#G— ) gWdu(r) M) = [0} [y BT Wddn)ety)
= [sON[# G- BN T ) = [eOIE © ECS)o T £, X dua()

= [P E() T f,»)du(y) [becausep=¢'1=(C; ,f.g). This proves that C,, is Hermitian.

Example 3.3

Let :R —R be defined by ¢(x)= e forallx eR. Let T:R —>R be defined by

T(x)=1-x for u—almostall xeR. Then ¢ e L'(R) and
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dul™
du

[“ 16001 dx= [ e dx=2r and f,(v) = T () = 1.Now

1 2 1

and p(y—x)=¢ """ Therefore, f(x—y) = g0 =) = & (x— 7).

px-y)=e 2"

S0, (Cr4)X) = (¢ ®E(f)oT™ £)(x) = [ ¢ (x=2) E(f)o T () £, (»)dpa(y)
= [ =0 (Lo DY) f,(du(y) = | ¢y=x) fUA=p)(Ddpu(y) = [ g(1=t=x) f(©)dpu(2) (3.1) and
(Cry X = (f @HT() = [ SOFT(x)=)du(y) = [ f()P(1-x=y)duu(y)

= [ f@Op(1-t=x)du(t) (3.2)

From (3.1) and (3.2), we get C; , f = C;’qéf for every f e L’(R). Hence, C; 4 is Hermitian. W
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